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Problem 3.16

Show that two noncommuting operators cannot have a complete set of common eigenfunctions.

Hint: Show that if P̂ and Q̂ have a complete set of common eigenfunctions, then
[
P̂ , Q̂

]
f = 0 for

any function in Hilbert space.

Solution

Suppose that P̂ and Q̂ have a complete set of common eigenfunctions.

P̂ fn(x) = pnfn(x)

Q̂fn(x) = qnfn(x)

Because the set of eigenfunctions is complete, any function in Hilbert space can be written as a
linear combination of them.

f(x) =

∞∑
n=1

cnfn(x) (3.11)

The aim is to show that
[
P̂ , Q̂

]
= 0 for any function in Hilbert space.[

P̂ , Q̂
]
f(x) =

(
P̂ Q̂− Q̂P̂

)
f(x)

= P̂ Q̂f(x)− Q̂P̂ f(x)

= P̂ Q̂
∞∑
n=1

cnfn(x)− Q̂P̂
∞∑
n=1

cnfn(x)

= P̂
∞∑
n=1

cn[Q̂fn(x)]− Q̂
∞∑
n=1

cn[P̂ fn(x)]

= P̂

∞∑
n=1

cn[qnfn(x)]− Q̂

∞∑
n=1

cn[pnfn(x)]

=
∞∑
n=1

cnqn[P̂ fn(x)]−
∞∑
n=1

cnpn[Q̂fn(x)]

=
∞∑
n=1

cnqn[pnfn(x)]−
∞∑
n=1

cnpn[qnfn(x)]

=

∞∑
n=1

cnpnqnfn(x)−
∞∑
n=1

cnpnqnfn(x)

= 0

= (0)f(x)[
P̂ , Q̂

]
= 0 for any function in Hilbert space, so P̂ and Q̂ commute. Therefore, two

noncommuting operators cannot have a complete set of common eigenfunctions.
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